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Introduction. Investigated robust optimal control 
system of pasteurization-cooling unit, functioning under 
conditions of intensive external disturbances, information 
and structural uncertainty in order to improve the 
efficiency. 

Materials and methods. Methods of system analysis, 
mathematical statistics and identification used to construct 
a mathematical model of the control object. For the 
synthesis of the robust optimal controller, the 2-Riccati 
approach H2 control problems is applied, and to reduce the 
order of the received regulator – method for balanced 
model reduction. 

Results and discussion. The work of the 
pasteurization unit is considered, since it is a key 
component of dairy production. Since the results of the 
operation of traditional automated systems depend on the 
intensity and quality of information flows, microprocessor 
technology, algorithmic and software, it is proposed to 
supplement them with robust optimal controllers based on 
the 2-Riccati approach. Identified a mathematical model 
of the object, which consists of linear differential 
equations of the seventh order, it is possible to synthesize 
a robust optimal controller of the 6th order. Performance 
indicators are calculated by comparing the synthesized 
system and the system with local regulators. In a robust 
optimal system, the magnitude of uncertainty increased 
fourfold, and the dispersion of control signals decreased 
fourfold, which proves its energy efficiency. 

Conclusion. The performed modeling and calculation 
of qualitative characteristics showed a significant 
advantage of the synthesized system in front of systems 
with local regulators. 
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Introduction 
 
During Industry 4.0, when industrial enterprises grow into Smart Factory, combine 

advanced production technologies, automated production, communications and information 
technologies, the issue of improving automated control systems of technological processes 
based on intelligent approaches is relevant [1, 25]. However, in terms of automation, such 
managing facilities have common problems of mismatch in temperature and quality values, 
uneven consumption and temperature of the incoming flow, as well as other internal and 
external factors which negatively affect the quality of the output product and the energy 
efficiency of the whole system. All these factors can be described in the uncertainty range 
of the object, and then it is possible to construct a robust optimal control system under one 
correctly selected criterion [2–5]. 

For production objects with significant uncertainties of the use of H2- or H∞-norms of 
the Hardy space of the closed system transfer function as a control criterion are effective for 
the proper types of input and output signals, whereby the system obtains the property of 
low-sensitivity (robustness) towards internal and external object changes [6]. The control 
device thus synthesized has a high order, and as a result, the complexity of the software 
implementation. 

Since the object of study works under conditions of parametric and structural 
uncertainty, as well as under the influence of intense external disturbances, the goal of the 
work is to increase the efficiency of its control system by synthesizing an effective control 
device based on robust optimal practices. 

 
Materials and methods 
 
According to the purpose of the article, the following approaches and methods were 

used: system approach, statistical analysis, parametric identification of dynamic 
mathematical models, synthesis of the H2-regulator in the 2-Riccati approach, reduction of 
mathematical models, mathematical modeling. Using the system approach [7, 8], the 
theoretical bases of the study, in particular, the orderly and structure of the model of the 
control object are well-documented. The statistical analysis of process variables 
substantiated the essence of uncertainties, and also helped shape the form of weight transfer 
functions for external perturbations [9, 10]. Identification methods [11, 12] are used to 
obtain approximate parameters of the mathematical model of an object with multiplicative 
uncertainty. The synthesized H2-regulator differs from the classical one in that additional 
input and output matrix transfer functions are used [13–15]. The latter are formed on the 
basis of a compromise between the quality of the system in nominal mode, the energy 
saving of the system and the robustness to internal changes in the object. The introduction 
of matrix weight transfer functions led to an increase in the order of the synthesized 
regulator, therefore a number of methods for reducing the order of the regulator were 
subsequently used [16–20]. 

Based on the results of mathematical modeling of systems with robust and local 
regulators [21, 22], the main characteristics of quality and stability were calculated and the 
response graphs of the systems were obtained for various types of perturbations. 
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Results and discussion 
 
Analysis of the object of control, a mathematical model of an object 
 
Modern dairy plants throughout the country are mostly equipped with lamellar 

pasteurization-cooling units of various types and constructions. A lamellar pasteurization-
cooling unit is intended for continuous heating and pasteurizing of milk, cream and other 
liquid food products without losing the main properties such as protein, sugar and 
molecules of fat. The concept of their performance lies in the series flow from one tank into 
another, gradually mixing with the already heated milk, and then the milk is heated and 
maintained during an appropriate period of time at the temperature of pasteurization. After 
heating, the product is cooled and forwarded to other stages of processing or packaging. 

Figure 1 shows a simplified scheme of production flows of a typical lamellar 
pasteurization-cooling unit. Here t1ris the temperature of incoming raw milk, t1р is the 
temperature of pasteurized milk, t1w is the temperature of the heated milk, t1rec is the 
temperature of recuperated milk, t10 is the temperature of cooled pasteurized milk, t2h is the 
temperature of hot water, t2c is the temperature of cooled water, m1 is the consumption of 
milk, m2 is the consumption of hot water, m3 is the consumption of iced water, m4 is the 
consumption of steam. 

Automatic temperature regime control of a lamellar pasteurization-cooling unit is 
reduced to two local loops of temperature control for pasteurized and cooled milk (PID or 
PI) with a stabilized input flow. In terms of automation, the control object is multiply-
connected, transient; the coordinates of the state are divided by spatial value, also, the 
object operates under permanent intensive external disturbances which are characterized by 
both deterministic and random components, the latter having a pigmented spectrum. In 
addition to the external perturbations which are shown in Figure 1, the quality of the output 
product is influenced by the acidity of the input product and the ambient temperature, 
which are not included into the control loop. Consequently, the use of the local regulators 
leads to quality degradation of the output product, and in some cases leads to re-
pasteurization of the processed milk. 

 

 
 

Figure 1. Scheme of the production flows in a lamellar pasteurization-cooling unit 
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The problem of developing a mathematical model of a production process control 
object is still being controversial. For the synthesis of an effective control system, a 
mathematical model is to describe the object as best as possible, which leads to large orders 
of systems of differential equations, a complex description of parameters and traceability of 
a large number of external and internal variables in a production object, and consequently, 
to the complex and lengthy control algorithm, whereas simplifying the mathematical model 
reduces the quality of control [22]. Therefore, an alternative in developing the mathematical 
model of a production control object is using different types of uncertainties, which, on the 
one hand, simplifies the nominal model of an object, while taking into consideration the 
allowance in such description and changes in the object itself, on the other hand. 

A lamellar pasteurization-cooling unit can be simply described by a system of 
differential equations of the 7th-order with a multiplicative type of uncertainty, including 
both parametric changes in an object and unmodulated dynamics, which appeared as a 
result of reducing the order of differential equations. Let's convert the model of a lamellar 
pasteurization-cooling unit to the space of state variables, taking into consideration the task 
signals in addition to the perturbations: 
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where 1 1 1 2 10 2 2( ) , , , , , ,
T

rec w р с w ht t t t t t t t         x is a state coordinate vector; 

 3 4( ) , Tt m m  u is a vector of control,  1 2 1( ) , , rt m m t w  is a vector of external 

perturbations;  1 2( ) ( ), ( )t v t v tv is a vector of perturbations along the measuring circuit; 

 1 2( ) ( ), ( ) Tt r t r t  r is a vector of the specified signals;  ( ) ( ), ( ) Tt t tz ε u is a vector of 
stabilized outputs; ( ) ( ) ( )t t t ε r y  is a vector of deviations from the specified signals; 

 3 5( ) ( ), ( ) Tt x t x ty  is a vector of measurements. 
All the matrix coefficients from (1) are determined on the basis of the aprior 

information about an object and as a result of identification [7-12]. The identification can 
be carried out by supplying pseudobinary signals to each input of the object and recording 
the output signals through the SCADA (Supervisory Control And Data Acquisition) 
program. The latter, through the PLC (Programmable Logic Controller) chain, is a field 
technology implemented by analog data transmission and industrial networks, receives 
information about the control object and executes a control signal. It is advisable to import 
the data into the Matlab software environment, where further processing will be carried out. 
Thus, for the А1-ОХЛ10 (OHL10) type lamellar pasteurization-cooling unit it is possible to 
determine and construct the basic matrix coefficients (1): 
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Here i j0 , i jI are zero and unity dimension matrices i j  respectively; ,w vW W are 

standardized weighting matrices of the intensity of external perturbations and noise 
measurements respectively. We might note that a control vector u(t) is additionally 
embedded into an output vector z(t) to restrict the signal of the former. 

 
Synthesis of a robust optimal regulator 
 
The functional chart of the control system is shown in Figure 2, where G(s), G0(s) are 

transfer functions of the uncertainty object and the nominal object accordingly, obtained 
from (1), and K(s) is a transferable function of the regulator, 

0
( )sWΔ is a structural 

weighting uncertainty; s is a complex variable. Here, the mathematical model of the control 
object will be written as follows: 

 

0 00( ) ( )( ( )), ( )s s s s


   W WG G I Δ Δ ,                             (3) 

 
where   is the uncertainty range. 
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Figure 2. The functional chart of the control system 
 
With regard to the above said, we can formulate the statement of the problem for the 

robust optimal control of a lamellar pasteurization-cooling unit: for a production object the 
mathematical model of which in the nominal mode is given by the system (1) with matrices 
(2), in the category of linear stabilizing controls 

 
( )su K ε                                                             (4) 

to find the optimal control which minimizes the specified quality criterion: 
 

2|| ( ) ( ) ( ) ||min
( )

L RJ s s s
s




W H W
K

,                                      (5) 

 
where H(s) is the transfer function of the closed system, Ω is the area of stabilizable 
controls; WL(s), WR(s) are weighting matrices according to the outputs and inputs of the 
system. It is necessary to note that the weighting matrix WL(s), specifies the quality of the 
system in the frequency range, and the matrix WR(s) is a type of an input signal, in 
particular, one can specify a filter for an inhomogeneous signal spectrum. Thus, using 
criterion (5), the system minimizes the overall response pulse energy for the deterministic 
inputs, as well as the square root of the output dispersion for the specified dispersion of the 
input stochastic signal. 

This problem has been solved in the state space for the standard H2 problem [13-15], 
based on the 2-Riссati approach, with the following weighting matrices: 
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where  diag  marks the diagonal matrix, while the linear regulator happens to be of the 
11th order. Analyzing the singular values of the transfer matrix of the regulator, it has been 
concluded that the regulator order can be reduced to the 6th [16–20]. The final regulator has 
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been chosen and its order has been reduced by the method of balanced reduction according 
to the criterion: 

 

1
2

n

red i
k




  K K ,                                               (8) 

 
Where K(s), Kred(s) are the transfer functions of the output and the reduced regulator 

respectively, with a marginal error of 0.0335. 
The regulator has been implemented in the range of state variables with the following 

matrices: 
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Results of the simulation 
 
The simulation of a system with a synthesized robust optimal regulator and local PID 

and PI regulators for a nominal model and a model with maximum multiplicative 
uncertainty has been conducted. The parameters of local regulators have been synthesized 
according to the criterion of maximum perturbation filtering. Signals of disturbances have 
been applied to the system input throughout the time frame, with external disturbances 
simulated by a stochastic and deterministic component, and at the time of 75 sec the tasks 
from zero to 2 0C and 1 0C have changed respectively. The simulation results are shown in 
Fig. 3-5 and comparative characteristics are summarized in Table 1. 
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Table 1 
Comparative characteristics of systems with H2- and PID-PI regulators 

 
Type of regulator Characteristics 

Н2-regulator PID-PI regulators 

Maximum deviation 

ε1 = 2.1 0С 
ε2 = 1.0 0С 

u1 = 0.2 kg/sec 
u2 = 0.9 kg/sec 

ε1 = 2.0 0С 
ε2 = 1.0 0С 

u1 = 1.0 kg/sec 
u2 = 1.9 kg/sec 

Medium-quadratic deviation 

Dε1 = 0.2 0С 

Dε2 = 0.1 0С 
Du1 = 0.04 kg/sec 

Du2 = 0.1 kg/sec 

Dε1 = 0.4 0С 
Dε2 = 0.1 0С 

Du1 = 0.2 kg/sec 

Du2 = 0.4 kg/sec 

Stability margin 0.08 0.12 

2
( )swεН  0.25 0.34 

2
( )svεН  1.02 2.25 

[ ] ( )s
w v εН  1.13 5.27 

  0.56 0.13 
( )s


S  1.63 5.29 

 
 
 

 
 
 

Figure 3. Deviation of pasteurization and cooling temperatures: 
1 – System with PID-PI regulators; 2 – System with H2-regulators 
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Figure 4. Deviation of control signals: 
1 – System with PID-PI regulators; 2 – System with H2-regulators 

 
 
 

 
 

Figure 5. Singular values plot of dynamic system with uncertainty: 
1 – System with sampled uncertainty; 2 – Nominal system; 3 – System with worst uncertainty;  

4 – Worst-case gain (upper bound) 
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The H2-regulator system shows better quality and energy-efficient performance, since 
the norms characterizing the quality of the system have decreased almost twice, and the 
scope of uncertainty has increased fourfold. In addition, the H∞-norms of the sensitivity 
transfer functions S(s) for such a system are lower has tripled, which confirms the robust 
properties of the system. Also, the dispersion of the first regulated quantity was reduced 
twice, and the dispersion of control signals decreased respectively five and four times. In 
Fig. 5 is shown graphical worst-case gain analysis [21, 22] synthesized system, in particular 
the curve of upper bound is the envelope produced by finding the highest gain within the 
uncertainty at each frequency. So, the time and frequency analysis of the system proved the 
effectiveness of the synthesized control system. 

 
Conclusion 
 
A lamellar pasteurization-cooling unit performs under the conditions of uncertainty of 

both the structure and parameters of the object, and intense external perturbations. Advance 
in efficiency of the control system of lamellar pasteurization-cooling units is possible by 
constructing a multidimensional optimal regulator in accordance with the H2-norm 
criterion. The mathematical model of the control object has been presented and reduced to 
the standard setting of the H2-optimization with the input and output weighting matrices 
while the synthesized regulator in the space of the state variables has been reduced to the 6th 
order. The simulation of the system conducted by the H2-regulator has shown its 
effectiveness compared to the local PID-PI regulators. 

Further research is aimed at automatically revealing the conditions for the applicability 
of robust-optimal regulators for building an information system to support management 
decisions. 
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